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Test 1 - Answers and Solutions

Question about course 1.
(R,+, x) is a ring if it satisfies each of the following point

a) R is a nonempty set

b) + and X are binary operations on R

a+beR

c) (R,+) is an abelian group, that is it satisfies each of the following point
cl) Va,b,ce R, (a+b)+c=a+ (b+c¢)
c2) e R/VaeR, a+0=0+a=a
c3) Vae R, I(—a) € R/ a+ (—a)=(—a)+a=0
cd) YVa,be R, a+b=b+a

d) the binary operation X is associative
Va,b,c € R, (axb) xc=ax(bxc)

e) the binary operation x is distributive over the binary operation +

ax(b+c)=axb+axc
Va,b,c € R, { (b+c)xa=bxa+cxa

Question about course 2.
¢ is an automorphism of the group (G, *) if it satisfies each of the following point

a) ¢ is a map from G into itself
b) ¢ is a bijection

bl) ¢ is injective: Va,b € G, ¢(a) = ¢(b) = a=1b

b2) ¢ is surjective: Ya € G, 3b € G/ ¢(b) =a
c) ¢ is a group homomorphism: Va,b € G, p(a*b) = p(a)* p(b)
Exercise 3.

1. Let a and ¢ be two elements in A, namely a = n+kv/5 and ' = n/+k'\/5 where n, k,n’, k' € Z.
Then

a+(—=d)=m+kV5)— (W + V5 =n+kVo—n' —kKV5=(n—-n)+ (k—Kk)V5

Since (n —n’) € Z and (k — k') € Z, it follows that a + (—a’) € A. Consequently (A, +) is a
subgroup of (R, +).



2. We need to prove that x is a binary operation on A, X is associative and x is distributive
over +.
Let a and @’ be two elements in A, namely a = n+kv/5 and ¢/ = n’'+k'v/5 where n, k., n', k' € Z.
Then

axa = (n+kV5) x (0 +kV5) = nn' +nk'V54+n'kvV/5+5kk = (nn' +5kk") + (nk’ +n'k)V/5

Since (nn' + 5kk') € Z and (nk’ + n'k) € Z, it follows that a x o’ € A. Consequently X is a
binary operation on A.

Let a, a’ and a” be three elements in A. Since X is associative on R and distributive over +
on R, we have

(axad)xad = ax(dxad)
ax(ad+d) = axd+axa
(@ +d")xa = d xa+d xa

Consequently x is associative on A and distributive over 4+ on A as well.

Exercise 4. 1. Let f and g be two elements in Fj, that are two functions from R to itself such
that f(1) = ¢g(1) = 0. Then the function (f + (—g)) : z — (f + (—9))(z) = f(z) — g(z) is
from R to itself and (f + (—g))(1) = f(1) — g(1) =0 —0 = 0. Consequently (f + (—g)) € Fy
and it follows that (Fj, +) is a subgroup of (F,+).

2. Let f and g be two elements in F}, that are two functions from R to itself such that f(1) =
g(1) = 1. Then the function (f +g) : x — (f + g)(z) = f(x) + g(x) is from R to itself and
(f+9)(1)=f(1)+g(1)=1+1=2+#1. Consequently (f+g) ¢ Fy and it follows that + is
not a binary operation on Fj. Finally (F3,+) is not a group.

3. For every real number z, if f and g are two elements in F, then the function (f + g) is in Fy,
(since (f+9)(1) = f(1) +¢g(1) = x + = = 2x). But Fy, is disjoint from F, as soon as x # 0
(since 2z # x). Therefore + is not a binary operation on F, for x # 0. Consequently z = 0
is the only one real number such that (F,,+) is a group.

4. Let f and g be two elements in F', that are two function from R to itself. Then

O(f+9) = (f+9)Q) = f(1) + 9(1) = (f) + (9g)
Consequently, ® is a homomorphism from (F,+) into (R, +).
Exercise 5.
1oug =402 4 8200 — 42 4 81 =16 +8=24=2x9+6=6 [9]

9. U = 43><1+2 + 82><1+1 — 45 + 83
Moreover
P2=4x4=16=1x9+7=7 [9]
P=42x4=Tx4=28=3x9+1=1 [9
P=PBx2=1x7=7 9
B =02x4P=2x43=8x1=8 [9]
Sou =4°+8=74+8=15=1x9+6=6 [9]
u2=43><2+2+82><2+1:48+85
Moreover
PB=PHxP=T7x1=7 [9]
8 =(2x4)P=2x4=32x7T=5x7=35=8 [9
(since 32=3x9+5=5[9 and 35 =3 x9+8=8[9))
Souy =48 +8 =7+8=15=1x9+6=6 [9
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3. Upi1 = 43(n+1)+2 4 82(n+1)+1 — 43+3n+2 4+ {2+2n+1 _ 43  43n+2 + ]2 x 82n+1
4$2=1 [9]
82 =8x8=64=7x9+1=1 [9

So Upy1 = 43 % 43n+2 + 82 % 82n+1 =1x 43n+2 +1x 82n+1 = 43n+2 + 82n+1 = u, [9]
In particular the assumption u,, = 6 [9] implies that u,,; = 6 [9].

Moreover

4. It follows by induction that u, = 6 [9] for every n € N.
Exercise 6.

1. Since 13 is a prime number, every element in Z/13Z distinct from 0 has an inverse element
for the multiplication. It follows that (Z/13Z — {0}, x) is a group.

2. We have
( — =
?ig:g;g H% (Tx6=42=3x13+3=3 [13]
o= 8x6=48=3x13+9=9 [13]
2x6=12=12 [13] =
B Ox6=54=4x13+2=2 [13]
3x6=18=1x13+5=5 [13] and -
i 10x6=60=4x13+8=8 [13]
Ax6=24=1x13+11=11 [13] =
2 11x6=66=5x13+1=1 [13]
5x6=30=2x13+4=4 (13 12%6=T2=5x13+7=7 [13]
| 6x6=36=2x13+10=10 [13] \ e =

So y = 11 answers the question (11 x 6 =1 since 11 x 6 =1 [13])

3. At first, since (Z/13Z,+) is a group, (FE) is equivalent to

2-7=-5=—-1x134+8=38

(E) 6xx=2-7
By multiplying both sides of (E) with 11, we get

(E) 11x(6xx) = 11x8

(11 x6) xx = 11 x8 (by using associativity of x)
Ixz = 88 (from the result of the previous question)
r = 6x13+10 (since 1 is the identity element for x)
r = 10

Finally (F) has an unique solution in Z/13Z which is z = 10.

4. Since 11 is a prime number, every element in Z/117Z distinct from 0 has an inverse element
for the multiplication. In particular 2 x 6 =2 x 6 = 12 = 1 x 11 + 1 = 1. Therefore we get
in Z/117Z

(E) Ix(@xz) = Ix(2-7)
2x6)xz = 2x—5

1xz = —10
r = —1x11+1
r = 1

Consequently (F) has an unique solution in Z/117Z which is z = 1.



