On McMullen-like mappings
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A 1
M@)=2"+5  where [A\|<1 and |—+4-<1

T (fr) ~ 8o x St
Yo 1= {(60,81, .. ) € {—1,+1}N}
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Exchanging dynamics <» 7: X9 — X9

| (—e1,—e2,...) si g =-1
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Give a global setting to the McMullen-like mappings.
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Combinatorics Julia Geometry

Ay = Ty — Vo ~ 3y x St 1 1

—+-<1
f)\(Ck)ET() oYy — Do n+d

@ Define the McMullen-like mappings by characterizing the
combinatorics with easy to check conditions.

@ Justify the definition by describing the Julia components and the
exchanging dynamics of Julia components which are not points.

© Find a necessary and sufficient condition of existence which only
depends on local degrees.



Let P be a post-critically finite hyperbolic polynomial.
Notations:

@ n := deg(P),

@ U := attractive bassin at infinity (0U = J(P)),
e N := #{super—attracting periodic cycles},

o V1 <i< N, p; := period of the i-th cycle,

@ {periodic components of F(P)} ={U,; / 1< , j €EL/p L},
with P(UiJ‘) = Ui7j+1 and deg(P|Uw Ul,J — Ul,J+1) =Ny ;-



Let P be a post-critically finite hyperbolic polynomial.
Notations:

n = deg(P),
@ U := attractive bassin at infinity (0U = J(P)),

e N := #{super—attracting periodic cycles},
o V1 <i< N, p; := period of the i-th cycle,
@ {periodic components of F(P)} ={U,; / 1< , j €EL/p L},

with P(U@j) = Ui7j+1 and deg(P|Uw UZ,] — Uz,]+1) =Ny ;-

Definition 1

A pole data D associated to P is
@ a non-empty subset of {U; ; / 1 < , J EZ/piZ},
e a function U; ; — d; j € N\ {0} deflned on this subset.
Notation: d = deg(D) := >y, cp dij-
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Let D be a pole data associated to P.

Definition 2

f € Rat(C) is a McMullen-like mapping of type (P, D) iff
(i) 3Vi C C topological disk such that

oo —2> U
F(Vao) = Vi and 3y € Homeo (C)/ Wl lw ,
Voo —L > Vi

Notations:

@ YU component of F(f) disjoint from U,
V(U) := component of C\ ¢(dU) disjoint from V.,

"] ‘/Yid* = V(UZJ)
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Let D be a pole data associated to P.

Definition 2

f € Rat(C) is a McMullen-like mapping of type (P, D) iff
(i) IV C C topological disk such that

oo —L> U
fVe)=Vsx and Jpe€ Homeo+(@)/ (,DL lg& ,
Voo —L > 8V
(i) YU ¢ D, f(V(U))=V(PU)),
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Let D be a pole data associated to P.

Definition 2

f € Rat(C) is a McMullen-like mapping of type (P, D) iff
(i) IV C C topological disk such that

oo —L> U
fVe)=Vsx and Jpe€ Homeo+(@)/ (,DL lg& ,
Voo —L > 8V
(i) YU ¢ D, f(V(U))=V(PU)),
- T;; C V;,j topological disk
(iii) VUi, €D, El{ A, j € Vi ; \ T; j topological annulus el G

o f(Ti;) = Voo and deg(f|r, ;) = di.
o fla,, proper map and f(A4; ;) = top. disk C V(P(U;;)) = Vi 41,
o f has no critical points in V; ; \ (T;; U 4; ),
(iv) Vce C critical point of f, if
e 5= min{k >1 / aU; ; € D, fk(c) € Vi,j} < +00

then ffe(c) € T; ;.




ij+1




If fis a McMullen-like mapping then
o WU;; €D, deg(fla;; : Aij = f(Aij) CViji1) = nij +dij,
e Vc € A;; critical point of f, t, =t;j :=min{k > 1 / U j11 € D},
o we may assume fi7(A; ;) = Tj ji,, without loss of generality.




Known examples

fo)\,g)\,h)\, ... are McMullen-like mappings.
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@ J(f) contains:

e countably many preimages of a fixed component of J(f)
homeomorphic to J(P) for a certain polynomial P,

e countably many Cantor of circles such that each circle belongs to a
different component of J(f),

e and if P is not affine conjugate to z", uncountably many point
components which accumulate everywhere on J7(f),




Theorem 1 (Description of the Julia set)

If fis a McMullen-like mapping of type (P, D) then
© f is hyperbolic and deg(f) = n + d = deg(P) + deg(D),
@ J(f) contains:

e countably many preimages of a fixed component of J(f)
homeomorphic to J(P) for a certain polynomial P,

e countably many Cantor of circles such that each circle belongs to a
different component of J(f),

e and if P is not affine conjugate to 2™, uncountably many point
components which accumulate everywhere on J7(f),

© the exchanging dynamics of Julia components which are not points is
encoded by a sub-shift of finite type.




Theorem 2 (Rigidity)

Two McMullen-like mappings are topologically conjugate on their Julia sets

~

by a ¢ € Homeo™ (C) iff they have same type (P, D) up to affine
conjugation.




Theorem 3 (Arithmetic condition of existence)

There exists a McMullen-like mapping of type (P, D) iff
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Theorem 3 (Arithmetic condition of existence)

There exists a McMullen-like mapping of type (P, D) iff

1 1 1
— 1
wax ¢ JT ——x ] <n¢,j+di,j> < *)

n
JEL/pZ T jEL/pil
Ui, j¢D Ui,;€D

Proof: = Thurston's obstructions theory
< Quasi-conformal surgery
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e 24e T
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Corollary of Theorem 3
If fis a McMullen-like mapping then deg(f) > 4.

Proof:

1 1 1
1
12%{ II —x1I (ni7j+di7j)}< (%)

i,
Ui,j¢'D U; ;€D

4

deg(f) = deg(P) + deg(D) >4
ZUi’j("i,jfl)Jrl ZUi,]-EDdi,j



New example 3

A
p(z) =222 322+ 1+ S where |\ <1

Proof: % (l—i—l) _3 <1|(x)
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Thank you for your attention!



