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Abstract

We introduce a generalization of the McMullen family fy(z) = 2" + A/z¢. In 1988,
C. McMullen showed that the Julia set of f) is a Cantor set of circles if and only
if 1/n+ 1/d < 1 and the simple critical values of fy belong to the trap door. We
generalize this behavior defining a McMullen-like mapping as a rational map f associated
to a hyperbolic postcritically finite polynomial P and a pole data D where we encode,
basically, the location of every pole of f and the local degree at each pole. In the
McMullen family, the polynomial P is z — 2™ and the pole data D is the pole located at
the origin that maps to infinity with local degree d. As in the McMullen family f), we
can characterize a McMullen-like mapping using an arithmetic condition depending only
on the polynomial P and the pole data D. We prove that the arithmetic condition is
necessary using the theory of Thurston’s obstructions, and sufficient by quasiconformal
surgery.
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1 Introduction

The Fatou set of a rational map f, denoted by F(f), is defined to be the set of points at which
the family of iterates of f is a normal family in the sense of Montel. The complement of the
Fatou set, in the Riemann sphere C, is the Julia set and is denoted by J(f). By definition, the
Fatou set is an open set and the the Julia set is closed. The Julia set is also the closure of the
set of repelling periodic points of f, and it is the set where f has sensitive dependence on initial
conditions. Both sets, F(f) and J(f), are completely invariant. Equivalently, the Julia set
J(f) is the smallest closed set containing at least three points which is completely invariant
under f. For a deep and helpful introduction on iteration of rational maps see [Bea91l, CG93,
Mil06, Ste93]. One of the goals in complex dynamics are to study the topological properties
of the Julia and Fatou sets of f and dynamics of f restricted to these sets.

In 1988 C. McMullen (|[McM88|) showed the first example of a rational map whose Julia set
is a Cantor set of circles, the rational map that exhibits this phenomenon, hereafter McMullen
family, is fi(2) = 2"+ \/2¢ for some values of n,d € N and A € C. This kind of rational maps
could be viewed as a singular perturbation of the polynomial z — 2™ when we add a pole at
the origin of order d. McMullen family has focused the attention for several reasons. On one
hand they exhibits classical Julia sets including Cantor sets, Sierpinski curves, and Cantor
sets of circles (|[DLU05|) and on the other hand the parameter space has complex dimension
one, since the free critical points of f, behave in a symmetric way. The McMullen family
has been studied extensively by R. Devaney et al. (|[DLU05, DM08a, DMO08b]|), N. Steinmetz
([Ste06]) and Qiu W., P. Roesch, Wang X. and Yin Y. ([QWY12, QRY12|) among others.
We refer to [Dev13] for a survey of the main results about singular perturbations of complex
polynomials and references therein.

For the polynomial z + 2", with n > 2, infinity and the origin are super-attracting
fixed points and the Julia set is the unit circle. When we add the perturbation \/z¢ in
the McMullen family, several aspects of the dynamics remain the same, but others change
dramatically. For example, when A\ # 0, the point at oo is still a super-attracting fixed point
and there is an immediate basin of attraction of oo that we call V. On the other hand,
there is a neighborhood of the pole located at the origin that is now mapped d-to-1 onto a
neighborhood of co. When this neighborhood is disjoint from V., we call it the trap door and
denote it by Ty. Every point that escapes to infinity and does not lie in V,, has to do so by
passing through Ty. Since the degree of f) changes from n to n + d, some additional critical
points are created. The set of critical points includes co and 0 whose orbits are completely
determined, so there are n + d additional “free” critical points. The orbits of these points are
of fundamental importance in characterizing the Julia set of f,.

McMullen showed that if the arithmetic condition 1/n + 1/d < 1 is satisfied and the free
critical values lie in the trap door Tj then the Julia set of fy is a Cantor set of circles (|[McMS88,
DLUO05]). Under these assumptions we notice that the n 4 d free critical points belong to a
doubly connected Fatou component A separating the trap door Ty and the immediate basin
of infinity V,, and such that f) maps the annulus A onto the trap door Ty with degree n + d.
We also notice that the minimal degree of f) satisfying this arithmetic condition is 5.

In the last years they have appeared in the literature several woks dealing with singular
perturbations of polynomials of the form P.(z) = 2" + ¢ where ¢ is chosen to be the center of
a hyperbolic component of the corresponding Multibrot set and adding a perturbation with
one or several poles (see [BDGR08, GMR13|). Figure 1 display the Julia set of three singular
perturbation of polynomials. The first one corresponds to a member of the McMullen family,
concretely the rational map 2% —0.01/23. The second one is the Julia set of the rational map
23 +14—1077/23, that corresponds to a singular perturbation of the polynomial 2® + 4, that
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exhibits a super-attracting cycle 0 — i — 0, when we add a pole at the origin. Finally, the
third one is the Julia set of the rational map 2% — 1+ 10722/(27(z + 1)) that corresponds to
a perturbation of the quadratic polynomial z? — 1, with super-attracting cycle 0 — —1 > 0,
when we add two poles, one at z = 0 and another one at z = —1. In this figure we also show
the dynamical plane of the corresponding polynomial and we mark the Fatou domain with a
number where we add a pole with corresponding local degree.

Figure 1: Three examples of McMullen-like mappings. In the left, we show the dynamical plane of
the polynomial z? (up) and the rational map z3—0.01/2% (down). In the middle, the cubic polynomial
2% + i and the rational map 23 +i — 1077/23. And finally in the right, the quadratic polynomial
2?2 — 1 and the rational map 22 — 14 10722/(27(2 +1)%). In each case, we mark with the local degree
the bounded Fatou component where we put a pole.

The main goal of this paper is to present an unified approach to this kind of dynamical
systems. We firstly define what we call a McMullen-like mapping. Here we give an idea and
we refer to the next section for a precise definition of it. Before the definition we need two
ingredients: the first one is a hyperbolic postcritically finite polynomial P (hereafter HPcFP)
and the second one is the pole data D that encodes the information about the poles.

A McMullen-like mapping of type (P, D), formed by a HPcFP P and a pole data D, is a
rational map f verifying the following conditions. The first condition is that oo is a super-
attracting fixed point of f. We denote by V. the immediate basin of attraction of infinity and
we require that 0V, is a homeomorphic copy of the Julia set of the polynomial P. The second
condition is about the trap doors, these trap doors are simply connected domains and the
rational map f sends every trap door onto V,, according to the pole data. Moreover, around
every trap door we require the existence of an annulus A (containing some critical points)
and such that f sends A onto a simply connected domain. This simply connected domain is
mapped in a similar way as the polynomial P until it reaches the close trap door. And finally,
outside the components that appears in the pole data we basically apply the dynamics of the
polynomial P.

The main result of this paper is about the existence of McMullen-like mappings. More
precisely, given a pair (P, D), formed by a HPcFP P and a pole data D, we can characterize



the existence of a McMullen-like mapping of type (P, D) under an arithmetic condition. We
also describe the Julia and the Fatou set of any McMullen-like mapping.

We organize the rest of the paper in the following way. In Section 2 we give the precise
definition of a McMullen-like mapping, showing some examples from the literature of this kind
of rational maps. We also describe the Julia set of a McMullen-like mapping. In Section 3
we state Theorem A which is the main result of this work. In Theorem A we characterize the
existence of a McMullen-like mapping of type (P, D) using an arithmetic condition depending
on the polynomial P and the pole data D. The rest of Section 3 is devoted to prove Theorem
A. In order to prove the necessity of this arithmetic condition (Subsection 3.2) we use the
theory developed by W. Thurston about obstructions (see [DH93, McM94|). Then using
quasiconformal surgery (see [Ahl06, BF13|) we are able to construct a McMullen-like mapping
of type (P,D) assuming only the arithmetic condition (Subsection 3.3), proving thus the
sufficiency of this arithmetic condition. Finally, in Section 4 we show some new examples of
McMullen-like mappings and we give an explicit expression of a McMullen-like mapping of
minimal degree 4.

Acknowledgments. The first author are partially supported by the Catalan grant 2009SGR-792
and by the Spanish grant MTM-2008-01486 Consolider (including a FEDER contribution).

2 Definition of a McMullen-like mapping and properties

2.1 Definition of a McMullen-like mapping

Let P be a hyperbolic postcritically finite polynomial, we shall write HPcFP in short, namely
a polynomial map P : C — C of degree n = deg(P) > 2 such that every critical point is
eventually mapped under iteration to a super-attracting periodic cycle. The Julia set J(P)
is connected and the Fatou set F(P) contains countably many connected components, called
Fatou domains, which are simply connected. Moreover the unbounded Fatou domain, denoted
by U, is a completely invariant super-attracting basin with 0U,, = J(P), and every bounded
Fatou domain U is eventually mapped to a periodic cycle of immediate super-attracting basins
(see [Bea9l, CG93, Mil06, Ste93]).

We arbitrary chose a labeling of the finitely many periodic bounded Fatou domains, of the
following form

{Uij / 1<i< N and j€Z/pZ}

where N > 1 is the number of bounded super-attracting periodic cycles, p; > 1 is the period
of the i-th cycle, and so that P(U; ;) = U, j+; for every 1 < i < N and j € Z/p;Z. Moreover
for every periodic bounded Fatou domain U; ;, we denote by n, ; the degree of the restriction
Ply, ;, which coincides with the degree of the restriction P|ay, . Notice that the Riemann-
Hurwitz formula gives n — 1= 3", .(n;; — 1).

Definition 1 (Pole data). A pole data D associated to a HPcFP P is a nonempty collection
of periodic bounded Fatou domains of P, each provided with a positive integer. More precisely,
D is the data of a nonempty subset of {U;; / 1 <i < N and j € Z/p;,Z} and a function from
this subset to N\ {0} denoted by U, ; — d; ;.

With abuse of notation, we write U; ; € D if and only if U, ; is picked in the pole data D,
and conversely U ¢ D for every bounded Fatou domain U which is not a U; ; € D.

The degree of the pole data D is defined to be deg(D) :=d = ZUiﬁD di; > 1.



Remark that if a rational map f : C— Cand a simply connected domain V,, C C are so
that f|av.. is topologically conjugate to P|sy,. , namely there exists an orientation preserving
homeomorphism ¢ : U, — 9V, so that fo ¢ = ¢ o P on OUs, then we may define for
every bounded Fatou domain U of P a simply connected domain V(U) C C as the unique

connected component of C \ ¢(0U) which does not contain V, (it is well defined because OU
is a Jordan curve since P is hyperbolic, see for instance Lemma 19.3 in [Mil06]). In order to
lighten the notation, we write V; ; = V(U; ;) for every 1 <i < N and j € Z/p;Z.

Definition 2 (McMullen-like mapping). Let D be a pole data associated to a HPcFP P. A

McMullen-like mapping of type (P, D), is a rational map f : C — C such that the following
holds.

(i) There exists a simply connected domain Veo C C such that f(Va) = Ve, and flov. is
topologically conjugate to Pay, .

(ii) For every U ¢ D, f(V(U)) =V (P(U)).

(iii) For every U;; € D, there exist a simply connected domain T; j C Vi ;, called a trap door,
and a doubly connected domain A; ; C V; j\T; ; which separates OV; ; from T; ; such that

o f(Ti;j) = Ve and f|r,, has degree d;;;

o f(A;,;) is a simply connected domain contained in V(P(U;;)) = Vi1 and f
a proper map (namely f(0A; ;) = 0f(Ai;));

e f has no critical points in 'V ; \ (A;; UT,;).
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(iv) For every critical point ¢ of f, if ¢ is eventually mapped under iteration of f into V;;
for some U, ; € D, or equivalently if

te=min{k > 1/ 3U;; € D, f¥(c) € Vi;} < +o0,
then ¢ is mapped into the corresponding trap door, namely f'(c) € T; ;.

According to the points (i) and (ii) above, f|y. : Voo — Vi is a holomorphic branched
covering of degree n = deg(P) with n — 1 critical points counted with multiplicity, and for
every U ¢ D, flyw): V(U) = V(P(U)) is a holomorphic branched covering of same degree as
P|y with the same number of critical points counted with multiplicity. The following lemma
extends the point (iii) above by describing how f acts on each V; ;.

Lemma 1. For every U;; € D, denote by A;?Et the closed annulus between OV, ; and 0A; ;,

and by A the closed annulus between 0A;; and OT;;. Then the action of f on Vij =
AU A; ;U AR UT s as follows:

o f(APY) is the closed annulus in Vi1 between OV and 0f(A;i;), and f|A?|;_t is a
holomorphic covering of degree n; ;; 7

o f(A;;) is a simply connected domain in V; i1, and f|a,, is a holomorphic branched
covering of degree n; ; + d; ; with n, ; + d; ; critical points counted with multiplicity,

° (A;n]) is the closed annulus between 0f(A;;) and OV, and f
covering of degree d; ;;

i, 1S a holomorphic
%)



o f(Ti;) = Ve, and flr,; is a holomorphic branched covering of degree d;; with d; ; — 1
critical points counted with multiplicity.

In particular, f(V;;) = C (and hence flv,; is not a proper map).
Proof. Since f has no critical points in V;; \ (Tj; U A; ), it follows that f
deg(f]a;;) = deg(flovi,) + deg(f

because deg(f|av; ;) = deg(P|ov,,) = ns; from the point (ii) in Definition 2. The remaining
easily follows by using the Riemann-Hurwitz formula. O

A;,; has degree

7,,;) = Nij +dij

Notice that each of the critical points ¢ € A, ; satisfies f(c) € V; 41, thus t. < p; < 400
and t. only depends on A; ;, namely on U;; € D. The following lemma shows that A;; may
be chosen in Definition 2 in order that the whole image f*(A;;) is actually the trap door
containing f'(c).

Lemma 2. For every U;; € D, we may assume without loss of generality that f'i(A;;) =
T jye,; where
ti,j = mln{k 2 1 / Ui,j+k S D}

This result is similar to the first proposition of Section 3 in [DLUO05]| for the McMullen
mapping z +— 2" + z%, except we can not use the symmetry of the map here.

Proof. Remark that f'i~'(V; ;1) = Vj 4, , from the definition of ¢; ; and the point (ii) in
Definition 2, and the critical values of f*i~!|y, _ liein Tj .,  from the point (iv). Therefore
the preimage of T 4, , under flid 71|Vi,j ., is a simply connected domain in Vj ;.

Let A;A] be the set of points z € V;; such that f(z) € (f 'y, )" (Tijtu,)- Since
f(Vi;) = C from Lemma 1, it follows that f(A; ;) is a simply connected domain in V;j41, fla:
is a proper map, and ftivj(A;J) =T j+;,- Notice that A}, C Vj; \TJ because f(7;;) = Vo
is outside V; ;1. Furthermore, every critical point z € A, ; satisfies f'i(c) € T; j1t,; from the
definition of ¢; ; and the point (iv), and hence is in A; ;. Therefore f has no critical points in
Vii \ (Ai; UTi;)

Consequently, it is enough to show that A; ; is a doubly connected domain which separates

oV, ; from T] At first remark that f]| Al is actually a holomorphic branched covering of degree
deg(f|a:,) = nij+di; with v(fla; ) = ni;+d;; critical points counted with multiplicity from
Lemma 1 since every critical point and every cocritical point of f|4,; is in A} ; by definition.
Denote by {Cy / 1 < £ < L} the collection of L > 1 connected components of A; ;, and by
my > 1 the number of connected components in every 0C,. The Riemann-Hurwitz formula
gives

Vi<i<L, 2—my=(2—-1)deg(fle,) —v(fle,)

that leads by summing to

L

L L
2L =Y my = deg(fle,) = > v(flo,) = deg(flay,) —v(f
/=1 /=1

(=1

w)=0 ()

Furthermore, every simply connected components of V; ; \A; ; must contain some points which

are mapped into V,, C C \ f(4];), and hence must contain 7; ; from Lemma 1. In particular
there is no m, > 3, and (1) implies that every C}, is a doubly connected domain which
separates OV; ; from T ;. Assume the (C);<i<r are ordered labelled from dV;; to T;, then
deg(flc,) = n;; + 1 and deg(f|c,) = 1+ d, ; lead to a contradiction as soon as L > 2. O
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As a consequence, the orbit of A, ; is as follows.

A@j C ‘/z',j with U,"j eD
Vi<k< Lij, fk<AZJ) C ‘/i’j_Hg with Ui,j—f—k ¢ D
fti’j (Ai,j) = EJ"‘ti,j C ‘/;J'f‘ti,j with Ui7j+ti,j €D

V>t fMAG) = Ve

2.2 The Julia set of a McMullen-like mapping
The following result describes the Julia set of any McMullen-like mapping.

Theorem 1. If f is a McMullen-like mapping of type (P, D) for some pole data D associated
to a HPcFP P, then f is a hyperbolic rational map of degree deg(f) = deg(P) + deg(D), the
Julia set J(f) of f is disconnected, and the Fatou set F(f) contains infinitely many connected
components which are either simply or doubly connected. Moreover J(f) contains

e countably many preimages of OV, which is a fived Julia component quasisymetrically
equivalent to OUy = J(P);

e countably many Cantor of Jordan curves so that each Jordan curve belongs to a different
Julia component;

e and, if P is not affine conjugate to z — 2", uncountably many point Julia components
which accumulate everywhere on J(f).

There is actually much more structure in the Julia set J(f). Indeed, every “unburied”
Jordan curve is eventually mapped under iteration onto a proper subset of OV,,. Therefore
every Julia component which contains such a Jordan curve is actually quasisymetrically equiv-
alent to a finite covering of OU,, = J(P), and hence comes with infinitely many “decorations”
attached to the Jordan curve, provided P is not affine conjugate to z — 2" (this structure has
already been noticed in [DHL*08| and [GMR13|). We will see in the proof below that except
for the preimages of 9V, all others Julia components are either points or Jordan curves (in
particular, every buried Julia component is either a point or a Jordan curve, compare with
|God14]), that provides a complete topological description of all Julia components.

Proof. We firstly compute the degree of the rational map f. The Riemann-Hurwitz formula
gives 2deg(f) — 2 = v(f) where v(f) denotes the number of critical points of f counted with
multiplicity. From the definition of a McMullen-like mapping (Definition 2), we have

v(f) =v(flv) +V () + D v(fla,)+ D v(f

U; ;€D U;,;€D

Ti,j)

where
e v(fly,) =n —1is the number of critical points of f|y,  counted with multiplicity;

e /(f) is the number of critical points of f counted with multiplicity which are neither
in V, nor in UUHGD Vi j, namely

V()= (deg(flvw)) —1) =D (deg(Ply) = 1) = (n—1) = > (ni; — 1);

U¢D U¢D U; ;€D

o U(f

A.,;) = Nij +d;j is the number of critical points of f|, ; counted with multiplicity;
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o U(f
Putting everything together leads to

1,,;) = di; — 1 is the number of critical points of f|r, .

deg(f) = %(V(f) +2)= % 2n + Z 2d;; | =n+d=deg(P) + deg(D).

Ui ;€D

In order to prove that f is a hyperbolic map we study the orbit of every critical point.
Let ¢ be a critical point of f. From Definition 2 and Lemma 2, one of the following holds:

e cither ¢ € V, (and hence t. = +00), where V, is a fixed simply connected domain, that
corresponds to a fixed immediate attracting or super-attracting basin;

e or ¢ € T;; for some U;; € D (and hence t. = +00), where T} ; is a simply connected
preimage by f of V;

e or ¢ € A;; for some U;; € D (and hence t. = t;;), where A, ; is a doubly connected
preimage by ffiit! of V.;

e or c € V(U) for some U ¢ D and t. < +00, then ¢ lies in a simply connected preimage
by fitt of Vie;

e or ¢c € V(U) for some U ¢ D and t. = +o0, then V(U) is a simply connected domain
which is eventually mapped onto a periodic cycle of simply connected domains of the
form V' (U, ;) with U; ; ¢ D, that corresponds to a periodic cycle of immediate attracting
or super-attracting basins.

Therefore the rational map f is hyperbolic, and every Fatou domain is either simply or
doubly connected.

After the description of the Fatou set F(f) we focus on the Julia set J(f). The Julia
set J(f) is disconnected since there is at least one doubly connected Fatou domain. From
the first property in the definition of a McMullen-like mapping (Definition 2), 0V, is a fixed
Julia component homeomorphic to U.,. Using the surgery procedure described in [McM88|
(Sections 5 and 6), we can extend the homeomorphism to a quasiconformal conjugation on a
neighborhood of U, and hence 9V, is quasisymetrically equivalent to OU,, = J(P).

Fix U;; € D. Consider the orbit of the closed annulus A = F}‘t U A;; U AP, From
Definition 2 and Lemma 1, it turns out that f?i(A) covers V;;. The preimage of A by fPi
contains two disjoint closed annuli both nested in A (more precisely, they are nested in A‘Z?y‘]‘-t

and A_;nJ respectively) which do not contain critical points of fPi. It is then straightforward

to show (see [McM88| or [DLUO5|) that the non-escaping set (,.,(f?)™"(A) C J(f) is
homeomorphic to a Cantor of Jordan curves, namely to 3y x 9D where ¥y = {0, 1} is the set
of all one-sided sequences on two symbols. Moreover, the topological dynamics is conjugate
to the following skew product

(€16965... ,2™i) if gy =1

(808182. . .,Z) S E2 X OD { (O'<€15253- . .)’Z_diaj) if Ep = 0

where
o(ereges...) =1 —e)(1 —ex)(l —e3)....

Notice that every copy of JID which is eventually mapped under iteration by the 2-to-1
map o to the fixed copy coded by 11111..., corresponds to a Jordan curve in J(f) which is
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eventually mapped under iteration by f? to 9V, ; C OV.. Therefore, every Julia component
which contains such a Jordan curve is actually a preimage of dV,,. The others copies corre-
spond to buried Jordan curves, and are either preperiodic or wandering. In the first case (for
instance the fixed copy coded by 01010...), the surgery procedure described in [McMS88| (
Sections 5 and 6) shows that the Jordan curve is the whole Julia component. The same holds
in the second case according to the main result in [PT00].

Now if P is not affine conjugate to z +— 2", every preimage of 0V, comes with infinitely
many “decorations”. In particular, V; ; contains some disjoint closed disks which are preimages
by fP¢ of the whole closed disks Wj Repeating this reasoning gives uncountably many se-
quences of nested closed disks. It is then straightforward to show (see [DHL*08] or [GMR13])
that the intersection of such a nested sequence is actually a point connected component of
J(f). The grand orbit of such a point consists of point Julia components as well, and it
accumulates everywhere on J(f). O

Theorem 2. Two McMullen-like mappings are topologically conjugate on their Julia sets (by
an orientation preserving homeomorphism) if and only if they have same type (P, D) up to
conjugation by an affine map.

Proof. Let f; and f, be two McMullen-like mappings, of type (P;,D;) and (Ps, Dy) respec-
tively, which are topologically conjugate on their Julia sets. Since they both have only one
Fatou domain which contains the image of every trap door, it follows from the first property
of the definition of a McMullen-like mapping (Definition 2) that Py and P, are topologically
conjugate on their Julia sets, and hence are affine conjugate as HPcFP. It is straightforward
to see that the combinatorial description of all Julia components in the proof of Theorem 1
concludes the proof. O

2.3 Known examples

In this section we show some known examples of McMullen-like mappings from the literature.
For each example we focus in the pair (P, D) where P is a HPcFP and D is the pole data in
the definition of a McMullen-like mapping (see Definition 2).

The first example is the McMullen family given by fy(z) = 2" + A/z%. This rational map
has oo as a super-attracting fixed point and the only finite preimage of oo is the origin. Thus
if V, is the immediate basin of attraction of co and when V., does not contain the origin,
then there exists a unique trap door Ty, a neighborhood of the origin, that is mapped d-to-1
onto Va,. We also recall that fy has n + d “free” critical points given by ¢y = (22)/("*9) and
the corresponding free critical values are vy = fy(cy). In Figure 1 we show the dynamical
plane of the McMullen-like mapping 2* — 0.01/23.

In this case the polynomial z — 2" is a HPcFP, this is a singular case since the Fatou set
F(P) only contains two simply connected components: the immediate basin of attraction of
oo and the immediate basin of attraction of 0. Thus there is a unique bounded Fatou domain
which coincides with the unit disk and denoted by Uy. The pole data D is formed by U, and
a positive integer d = dy > 1. From [McM88| and [DHL"08] we conclude the following result.

Proposition 1. Let fy(z) = 2™ + \/z? such that the free critical values vy belong to the trap
door Ty and the arithmetic condition 1/n + 1/d < 1 is satisfied, then fx is a McMullen-like

mapping.

The next two examples of McMullen-like mappings are related to the polynomial P.(z) =
2" 4+ ¢ where ¢ is a center of a hyperbolic component of the corresponding Multibrot set.



The choice of the parameter ¢ ensures that P, is HPcFP since the orbit of the critical point
located at 0 is a periodic orbit of period p. We denote by Uy, Uy, - - -, U,_1 the Fatou domain
containing 0, P.(0),--- , PP71(0), respectively.

The first McMullen-like mapping related to P. was introduced in [BDGROS8| where the
authors studied the family of rational maps gy(z) = 2" + ¢+ A/2". In this case the pole
data is formed by the Fatou domain U, and the positive integer n, making thus the first
generalization of the McMullen family. In Figure 1 we show the dynamical plane of the
McMullen-like mapping 2% + ¢ — 1077/2%. In [BDGROS8]| the authors proved the following
result.

Proposition 2. Let g)(z) = 2"+ c+ \/2". For small enough values of |\| # 0 and when the
arithmetic condition n > 2 is satisfied, the rational map gy is a McMullen-like mapping.

The second McMullen-like mapping related to the P.(z) = 2" + ¢ was introduced in
[GMR13] where the authors studied the family of rational maps hy(z) = z"+c+ \/ H?;é(z —
¢;)%, where ¢; = P7(0) for 0 < j < p — 1. In this case hy has a pole in every point of the
super-attracting orbit 0 — P.(0) — - -- PP~1(0) of order d;, for 0 < j < p—1. The pole data D
is formed by the Fatou domains {Uy, Uy, --- ,U,—1}, and the corresponding positive integers
do,dy, -+ ,d,—1. In Figure 1 we show the dynamical plane of the McMullen-like mapping
22 —14107%2/(27(z + 1)%). In [GMRI13] it is proved that
Proposition 3. Let hy(z) = 2" +c+ A/ H?;é(z —¢j)%. For small enough values of |\ # 0
and when the arithmetic conditions 2d, > do + 2 and dj.1 > d;j +1 for every 1 < j<p—1
(with d, = dy) are satisfied, the rational map hy is a McMullen-like mapping.

We notice that in these three examples, one arithmetic condition is required to ensure
that the the corresponding rational map is a McMullen-like mapping. In the next section we
state the main result of this paper that characterize a McMullen-like mapping of type (P, D)
using an arithmetic condition.

3 Existence of McMullen-like mappings

3.1 The arithmetic condition: Theorem A

Theorem A. Let D be a pole data associated to a HPcFP P. Then there exists a McMullen-
like mapping of type (P, D) if and only if the following arithmetic condition holds.

1 1 1
max X | | + <1 *
1<iKN H Nij . (nij dij) "
JEL/PZ " GEL/PiL ’ ’
Ui,j¢D Ui ;€D

Let us give some remarks about this arithmetic condition.

Remark 1. It is enough to check the arithmetic condition (%) for every 1 < i < N such that
the set of indices J; = {j € Z/p;Z | U;; € D} is not empty. Indeed, for every 1 < i < N
there 1s at least one degree n;; > 2, and hence Hjez/piz Flj < 1. Moreover, notice that if
n;; =2 and d; ;j = 3 for every U; ; € D, then the arithmetic condition (x) holds. Equivalently
speaking, it is sufficient that every periodic bounded Fatou domain picked in the pole data
contains a critical point, and every degree in the pole data is larger than 3.
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Remark 2. If P is affine conjugate to z — 2", namely if N = 1 and py = 1, then the
arithmetic condition (x) implies the well known arithmetic condition £ +% <1 (see [McM88/
and Proposition 1). If P is affine conjugate to z — 2™ + ¢ where ¢ is a center of a hyperbolic
component of the corresponding Multibrot set, and if D only consists of the bounded Fatou
domain containing the unique critical point with d > 3, then there exists a McMullen-like
mapping of type (P, D) (see Propositions 2 and 5). The arithmetic condition (x) implies the
arithmetic condition introduced in [GMR13] (see Proposition 3), but the converse is not true
(see Proposition 6).

Remark 3. [t is straightforward to show that the degree of a McMullen-like mapping, deg(f) =
deg(P) + deg(D), has a lower bound according to condition (x). This lower bound is reached
for a polynomial P of degree n = 3 with two simple critical points in a same super-attracting
cycle of period 2, and a pole data which only consists of one of the two bounded Fatou domains
containing a critical point with d = 1 (see Proposition 4). Indeed, in that case (%) reduces
to %(% + %) = % < 1. In particular, there is no McMullen-like mappings of degree less than
4. We notice that the first example of a rational maps of degree less than 5 with buried Julia

components was recently founded in [God1]] for an explicit family of cubic rational maps.

Remark 4. Finally, and according to Theorem 2, the set of all types (P, D), where P is
a monic centered HPcFP and D is an associated pole data which satisfies condition (%), is
in 1-to-1 correspondence with the set of all topological conjugation classes of Julia sets of
McMullen-like mappings.

3.2 Thurston obstruction: Proof of Theorem A

The main ingredient to prove the necessity of the arithmetic condition (%) is the theory of
Thurston obstructions for rational maps (see [DH93| and [McM94]).

Assume there exists a McMullen-like mapping f of a given type (P, D). Denote by Ps
the closure of its posteritical set. Fix 1 < ¢ < N such that the set of indices J; = {j €
Z/piZ | U;; € D} is not empty. Remark that every U, ; may be uniquely written as U, jy
for some U; jy € D and some 1 < k <t .

For every j € Z/p;Z, consider an arbitrary Jordan curve I'; ; in V; ; such that

o I, ; separates OV, ; from fF(A; ;) CV;; it U;; =U jiwrp ¢ D with 1 <k <t
e I, ; separates OV, ; from f's'(A; ;) = T;; (by Lemma 2) if U; ; = iji+t, 0 € D.

From Definition 2 and Lemma 1, every f*(4; ;) contains at least n; j + d; > 2 postcritical
points. Thus, it is straightforward to show that I'; = {I';; / j € Z/p;,Z} is a multicurve,
namely a finite collection of disjoint, non-homotopic, and non-peripheral Jordan curves in
C\ Py (recall that a Jordan curve in C\ Py is said to be non-peripheral if each connected
component of its complement contains at least two points in Py).

For every I'; ; € T;, consider the connected components of f~!(I'; ;) which are homotopic
in C \ P; to some Jordan curves in I';. According to Definition 2 and Lemma 1, any such
connected component lies in U; ;_1, and hence is homotopic in ((A:\Pf to I'; j_1. More precisely,
there are:

e only one connected component if U; ;1 ¢ D, which is mapped onto I'; ; with degree

N -1,
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; and one in Ain which are

e two connected components if U;;_; € D, one in A% i1

J
mapped onto I'; ; with degrees n; ;_; and d; ;_; respectively.

It follows that the transition matrix associated to the multicurve I'; may be written as

1 if Uij—l ¢ D
where m,_ 1, = Mg =1 ’ }
J=L 1 + L if Ui,j—l eD

NG j—1 dij—1

My S0——0 0

It is straightforward to show that the associated leading eigenvalue is

1 o
pg 1 1 1
M) = | I mis| = | 1T oo 11 (oo
JEL/pil JEL/DZ " GEL/pi J )
i3 U; ;€D

Now applying Theorem B.3 and Theorem B.4 from [McM94] to the hyperbolic rational
map f, we get \(I';) < 1 for every 1 < i < N such that J; # ), that implies the arithmetic
condition (x).

3.3 Construction of McMullen-like mappings: Proof of Theorem A

In this section, we construct a McMullen-like mapping of an arbitrary given type (P, D) which
satisfies the arithmetic condition (x). The method is to start from the polynomial P and to
add a pole of degree d;; on every U;; € D by quasiconformal surgery (we refer readers to
[BF13| for a comprehensive treatment on this powerful method). At first, we need the two
following technical lemmas that will allow us to divide the Riemann sphere C into several
pieces on which a quasiregular map will be defined.

Lemma 3. If the arithmetic condition (x) holds then there exist some positive real numbers
(qij)vi,ep and (Bij)u, ,ep such that

t;j—1

VU, € D d (Dt

ij €D, ai; <PBi; an T Oty t B, | < Nijk | Q-
1,5+t k=0

Proof. Fix 1 <i < N such that the set of indices J; = {j € Z/p;Z / U;; € D} is not empty,
and let M be the following positive constant.

—1/21]
1 11 oty 11
V= 1l ny 1] <n +dm‘> :H[H X(”i,j+d )]

.. . . n. . . .
jezpz Y jer/pz N jea, L k=1 Bith i.J
Ui j¢D Ui ;€D

—1/2|Ji]

Remark that the arithmetic condition (x) precisely implies that M > 1.
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Now pick one jy € J;, let ; j, be any positive real number, and recursively define ¢; ; for
every j € J; by

-1

tij—l
ai,j+ti7j = MﬁQ—J [ H X < —+ )] QG - (2)

Nijitiy | ooy Mig+k Nijiti;  ijre

The (o j)jes; are well defined because the product over j € J; of the terms in the biggest
brackets is 1 by definition of M. Define 3; ; for every j € J; so that

Mn, ; <n_ + d_) Q= d_»,]-ai’j + B;; orequivalently 3;; = Ma,;; + (M —1) d] Q-
1, 1,7 1,7 ]

Remark that f; ; > «; ; since M > 1. Moreover, (2) may be rewritten as follows

ti;—1
M, » 1 4 1 y — ML . hy
T jtti 4 Qi jtt;,5 = Nij+k | e
k=0

N5+t 5 di7j+ti,j

Using the definition of f3; ;¢ ; above concludes the proof since M -1 <1 O

For every periodic bounded Fatou domain U, ; (not necessarily in D), Béttcher Theorem
provides a Riemann mapping ¢; ; : D — U; ; such that the following diagram commutes.

2y Mg 2 > Mg+l 2 > ZMgt+pi—1
D D D o D :
@’jt ¢z‘,j+1t ¢z‘,j+2l ¢i,j+pi—1t Gijp: = Cbm'l
Ui, Ui j+1 Uijyo— .. — Ui jip1 Uij+pi = Ui

P P P

An equipotential v in some U; ; is the image by ¢; ; of an Euclidean circle in D centered
at 0. The radius of this circle is called the level of 7, and is denoted by L; ;(v) €]0, 1] in order
that v = {z € Uy; / |7, (2)| = Li;(7)}-

Similarly, Boéttcher Theorem provides a Riemann mapping ¢ : C \ D — U, which
conjugates Py, with z +— 2". The equipotentials in U, are defined as well (with level > 1).

Recall that any pair of disjoint continua ~y,7’ in C uniquely defines a doubly connected
domain denoted by A (7,'). If 7,7 contain at least two points each, A (7, ~’) is biholomorphic
to a round annulus of the form {z € C / r < |z| < 1} where r €]0, 1[ does not depend on the
choice of biholomorphism. The modulus of A (v,7’) is defined to be mod (v,7) = 5= log(%).
In particular if ,~" are two equipotentials in some U; ; of levels L; ;(y) > L; ;(7') then

mod (v,7) = — log (LJ—(V)> .

2 Li; ()
Lemma 4. If the arithmetic condition (x) holds then there exist an equipotential T in U,
and three equipotentials v, /%, 75 in every Uy ; € D such that

(1) Li(v23") > Liy(v%) > Lii(53);
(ii) mod (7;13,7;’;’) = tmod (Tijr1, Doo) where T j1q = P(705");

cos t;j—1
(1) Lijie; (5544,,) > (Hkio ni,j—i—k) Li i (05"
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Notice that I'; ;1 is actually an equipotential in U; ;1 of level L; j11(I's j11) = nijLij (755"

Proof. Fix 'y, to be any arbitrary equipotential in Uy. Let r be a real number in ]0,1].
In each U;; € D, define 704" and ~% to be the equipotentials of levels L;;(77y") = 7
and L; ;(7)%) = 7"5” respectlvely, where «;; and f;; come from Lemma 3. Notice that
Lij(y93%) > Lij(7)%) since a;; < 6” Define 775 in every U;; € D so that the point (ii)
holds, or equivalently L; ;(77%) = % with

21

d
(S,J :51'7]' +

(Cijr1, T
In (7)
In particular, L;;(7}%) > L;;(7;5) since §;; < d;; that completes the point (i). For the last

point, we have by using the inverse Grotzch inequality due to Cui Guizhen and Tan Lei (see
Appendix B in [CT11]):

1 1 N jt; 1
mod (I'; j+4; .41, oo <C+—ln< ):C—I— T iln(—)
(CigetuonToe) < 21 \ Lijrt; 41 (it 1) ar T p

where C' > (0 does not depend on r. Putting this in the expression of d; j,+, . leads to

5 Mgt 2m
gty S| T Qg 1 Bigrey | 4 H Nij+k | Qij

dm“m‘ B0+t ln

provided 7 > 0 is small enough according to Lemma 3. The point (iii) follows. O

Now we are going to piecewisely define a quasiregular map F' on C according to a partition

induced by the equipotentials coming from Lemma 4. Let Dy be the unbounded connected
out

component of C \ Ty, and W, be the unbounded connected component of C \ Uv.,en iy -

Denote by D() the bounded connected component of C \ v for every Jordan curve 7 in C.
Consider the following partition of C:

=Wo |J (AGZTAE UAGEAZ) UDOR)) -

U; ;€D

o On W:
Define F to be the polynomial P in order that F' continuously extend to every 70‘“ with
F(%O;lt) = P(%O;lt) - Fz,]-H and deg(F|vﬁ‘;t) = Ny5.

e On every A(%{I}, Y55):
Define F to be such that F(A(y%,77%)) = A(Ts j41,Ts) and F]A(A/m +z2) is a holomorphic
covering of degree d; ; which continuously extends on the boundary with F(+%) = Iy j41

and F'(77%) = . The point (ii) in Lemma 4 ensures that such a holomorphic covering
exists. Notice that deg(F|,im ) = deg(Fl,x) = di;.
] 1, ’

e On every A(’Yfgta 7@,])

Continuously extend F so that F(A(74",71%)) = D(Is j41) and F| A(gut in) 18 & quasireg-
n;; + di;, and n;; + d;; critical points counted with multiplicity by the Riemann-
Hurwitz formula (compare with the action of a McMullen-like mapping on every A, ; in

Lemma 1). The existence of such an annulus-disk map is discussed in [PT99] (see also
[BF13|) and [God14].

ular branched covering. This extension must have degree deg(F |ﬂ/§>§t) + deg(
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e On every D(v%9):
Continuously extend ' so that F'(D(775)) = Do and F|p(,e=) is a quasiregular branched
covering. This extension must have degree deg(F|,e<) = d;;, and d; ; — 1 critical points
counted with multiplicity by the Riemann-Hurwitz formula (compare with the action of
a McMullen-like mapping on every T; ; in Lemma 1). To construct such a quasiregular
branched covering, we may start from the map

Li ; 9 di’j
(oo © (z — LOO(FOO) (M) ) o ;jl
Z 9,

which is a holomorphic branched covering of degree d;; from D(7f%) onto Dy, and
then quasiconformally modify it in a neighborhood of 775 in order that the continuous
extension on 775 agrees with the definition of F on A(}%,7%).

Remark that F' is actually holomorphic outside UUZ_]_ED ( A(9ut, in) U D(yﬁ)) The fol-

lowing lemma shows that this set does not intersect its forward orbit after finitely many
iterations.

Lemma 5. For every U;; € D, the following hold

s (AGRA)) € DOye,). F(DGE)) = Dwy and F (D) © Do © W

Proof. By definition of F' on A(7{Y",~; ]) and W, we have

Fiis (AGggai)) = Fo~t (DTiga) ) = P~ (DTign) ) = DTiger,,)

where T jp, = P71 (T j41) = P9 (704") is an equipotential in U j44, ; of level

out
LZ:J+tz,]( ]+tl] (H nlj+k> 7.] 77,] )'

The point (iii) in Lemma 4 gives Li s, (V7541 ,) > Lij+t,;(Iijre, ;) that implies the first
inclusion. The equality follows from definition of F' on D(15%). Finally, Dy, C Uy C Wi
by definition of W, and hence F|5— = P|z_ is conjugate to the action of z + 2" on

C \ Loo(I'so)D that concludes the proof. O

As a consequence, the iterated pullback by F' of the standard complex structure provides a
F-invariant Beltrami form on C with uniformly bounded dilatation. Then, after integrating,
there exists a quasiconformal map ¢ : C — C such that f = po F'o ¢~ ! is holomorphic on
C, namely a rational map. We refer readers to [Shi87| and [BF13] for more details about this
result known as Shishikura principle for quasiconformal surgery.

Finally, it is straightforward to see that f is actually a McMullen-like mapping of type
(P, D) by construction.

4 Further examples of McMullen-like mappings

In this section we show several new examples of McMullen-like mappings.

In the first example we give an explicit expression of a McMullen-like mapping of minimal
degree 4 (see Remark 3 below Theorem A). We notice that the first example of a rational
map of degree less than 5 with buried Julia components was recently founded in [God14|. We
prove the following result.
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Proposition 4. Let q\(z) = 22° — 32 + 1 4+ \/z. For small enough values of |\| # 0, the
rational map q is a McMullen-like mapping of minimal degree 4.

Proof. We first consider the basic dynamics of the cubic polynomial Q(z) = 223 — 32% + 1.
The polynomial @) is a hyperbolic postcritically finite polynomial. The critical points of )
are 0o, 0, and 1 since Q'(z) = 6z(z — 1) and @ has two super-attracting cycles, the first one is
oo — oo and the second one is 0 — 1 +— 0. We denote by U, Uy, and U; the Fatou domains
of F(Q) containing oo, 0, and 1, respectively. The dynamics of @) on these Fatou domains is
Q : Uy — Uy with degree 3, Q) : Uy — U; with degree 2, and () : U; — Uy also degree 2. In
Figure 2 we show the dynamical planes of () and g,.

We show that ¢, is a McMullen-like mapping of type (@, D) checking in turn the conditions
of Definition 2, where Q(z) = 22 —322+1 and the pole data D is formed by the Fatou domain
Up (containing the origin) associated to the integer d = dy = 1. We prove the first two
conditions in the definition of a McMullen-like mapping (Definition 2) using an holomorphic
motion, for A small, of U,, parametrized by A obtaining the immediate basin of attraction of
oo of ¢y as a result of this movement. Applying the A—Lemma, established by Mané, Sad
and Sullivan ([MSS83]), we extend this holomorphic motion to the boundary of U,, which
coincides with J(Q). This establish that the boundary of the immediate basin of attraction
of 0o of g, is a holomorphic motion of 7 (@) and this new holomorphic motion is precisely the
conjugacy between gy = @ acting on J(Q) and ¢, acting on the boundary of the immediate
basin of attraction of co of ¢y. Finally, we prove the last two conditions of Definition 2
studying the behavior of the critical points of g,.

First of all we can compute the critical points and the critical values of ¢,. Obviously
z = 00 is a superattracting fixed point of ¢\, near infinity the rational map ¢, is conformally
conjugate to z — 23. Moreover, since the degree of ¢, is 4 we have that ¢, has 6 critical
points, oo with multiplicity 2 and the other 4 critical points are the solution of ¢}(z) = 0.
Easy computations show that finite critical points of ¢, are the solutions of

62°(z — 1) = A,

for small values of A the above equation has three solutions near 0, denoted by ¢o(\), and one
solution near 1, denoted by ¢1(\). We have that

and ¢ (\) ~ 1+ é

CU()\) ~ ¥ 6

|
|l

The corresponding critical values vg(A) = ga(co(A)) and v1(A) = gr(e1(N)), are given by

A 9 A
N ~1— 2 - 2 \23 d \) ~ )2 AN/18 = A+ A2 2\3).
vo(N) 3~ U and vy (\) 1+)\/6+ /6 + A\°/18 + A /3+0(N\°)

Thus, we have that vo(\) — 1 and v1(A) — 0 as A — 0.

We denote by V., (A) the immediate basin of attraction of z = co of g5. As it is well known,
there is a Bottcher coordinate ¢, defined in a neighborhood of oo in V,,(\) that conjugates
qx to z — 2% in a neighborhood of oo. If none of the free critical points lie in V., (\), then it
is well known that we may extend ¢, so that it takes the entire immediate basin univalently
onto C \ D. If \ is sufficiently small then none of the free critical points lie in Vi, (), since
they are close to 0 and 1.

Thus, we define § > 0 such that the Boéttcher map ¢, extends to the whole immediate
basin of V(A) for all |A\] < §. We denote by Dy = {\ € C, |\| < §}. We consider the
following map
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H: Vo(0)xD; — C
(z,\) — ¢y odo(2).

Next we verify that H is a holomorphic motion. By construction, we have that H(z,0) =
¢y 0 po(z) = z. If we fix the parameter A we can see that the map H (-, \) is injective. This
is immediate since the Bottcher mapping ¢, is conformal. Finally, if we fix a point z € V,(0)
we can see that H(z,-) : D — C is a holomorphic map. In this case this map is a composition
of holomorphic maps, since the Béttcher map depends analytically on parameters. R

Applying the A-Lemma to H, we obtain a new holomorphic motion H : V,(0) x D5 — C.
Hence, it follows that the boundary of Vi, ()\) is the continuous image under H of the Julia
set of () and the following diagram commutes

J(@Q) J(@Q)
7 7
OVaoN) ——= Ve V)

proving thus conditions (i) and (ii) in Definition 2.

Hereafter we consider |\| < §. We observe that z = 0 is the unique finite preimage of
z = 00, so in this case there exists a unique trap door Ty(A) containing the origin and such
that gy : To(A) — V(A) has degree 1, thus g, has a unique trap door Ty(\) which is a
simply connected domain. We can compute now the preimages of Ty(A). We claim that the
preimages of Ty(A) is formed by three simply connected regions Wy(X), W_q/2(X) and Wy(A).
To see the claim we observe that the polynomial Q(z) = 223 — 322 +1 = 2(z — 1)%(2 + 1/2)
has three roots, counted with multiplicity, and are located at z = 1 a double root and at
z = —1/2 a simple root. By continuity a neighborhood of z = —1/2, denoted by W_;,5(A) is
still mapped under g, to Ty(A) with degree 1 and a neighborhood of z = 1, denoted by W;(\)
is still mapped under g, to Tp(\) with degree 2. Notice that Wi () contains the critical point
c1(A). Near the origin there exists another preimage of the trap door, denoted by Wy () since
g sends the trap door Ty(A) onto V().

We can show now that the three remaining critical points, denoted by co()), belong to
a doubly connected domain A(\) separating To(A) and Vo = V(Up). We can compute the
preimage of W;(A\) by ¢y. First we observe that Q(3/2) = 1 since Q(z) = 22(2z — 3) + 1,
so again by continuity there exists a simply connected domain near z = 3/2 that is mapped
under ¢, onto Wi(\). As we show before the corresponding critical values vg(A) = ga(co(N))
are close to 1, for A\ sufficiently small they are in Wj(\). Thus the three critical points
co(N) belong to a preimage of Wi(A) and applying the Riemann-Hurwitz formula we obtain
that the three critical points belong to a double connected domain A(\), obtaining thus that
qr : A(X) = Wi (A) with degree 3 and since W7 () is a preimage of the trap door we have that
G(AN)) = (W1 (N)) = To(N). Since gy has no other critical points than ¢y(\) and ¢; () this
prove that for A\ sufficiently small g, is a McMullen-like mapping.

Finally, we can check the arithmetic condition (%) for the McMullen-like mapping ¢,. We
have that Uy € D and @ : Uy — Uy with degree 2 and U; ¢ D and @ : U; — Uy with degree

2, and d = dy = 1, so the arithmetic condition writes as

1 1+1 _3<1
2\2 1) 4 '
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Figure 2: Two new examples of McMullen-like mappings. In the left we show the dynamical plane
of the polynomial Q(z) = 22% — 322 + 1 (up) and the rational map ¢,(z) = 223 — 322 +1+107°/z

down). In the right the Milnor cubic polynomial R, 5(z) = 2% — i3Y2,2 (left) and the rational map
iv2 2

ra(z) = 2% — i%iﬁ +1079/23 (right). In both cases, we mark with the local degree the bounded
Fatou component where we put a pole.

In the second example we consider the family of rational maps given by g,(z) = 2" +c+ ﬁ
where ¢ is a center of a hyperbolic component of the corresponding Multibrot set, thus the
polynomial P.(z) = 2"+4cis a HPcFP. The case n = d was considered previously in [BDGROS|
or see Proposition 2. When n # d the only difference is the arithmetic condition (x) that in
this case writes as 1/n + 1/d < 1 and we have the following result.

Proposition 5. Let g)(z) = 2" + ¢+ A\/z%. For small enough values of |\ # 0 and when
the arithmetic condition 1/n + 1/d < 1 is satisfied, the rational map gy is a McMullen-like

mapping.

In the third example we also consider the polynomial P.(z) = 2" + ¢, where ¢ is such
that the critical orbit is periodic of period p. We denote by Uy, Uy, -- ,U,—1 the Fatou do-
mains of F(P,.) containing 0, P.(0),--- , P?~1(0), respectively. Asin [GMR13] we can consider
McMullen-like mappings of type (P, D) where the pole data D is formed by the Fatou do-
mains {Up, Uy, --- ,U,_1}, and the corresponding positive integers dy, dy, - - -, dp—1. According
to Theorem A the arithmetic condition (x) writes as

1 1 1 1
oV (12 =)... (1 1
<2+d0)( Jr051) ( +dp1> =

since Uy is the only bounded Fatou domain containing a critical point and we have that
P.: Uy — U is 2-to-1 while in the rest of bounded Fatou domains P, acts conformally. In
[GMR13] (see also Proposition 3) the arithmetic condition to conclude that the rational map
ha(z) = 2"+ e+ M/ 22y (z—c;)% is a McMullen-like mapping is 2d; > do+2 and dj+1 > d;+1
for every 1 < j < p—1 (with d, = dy). We claim that these conditions imply the arithmetic
condition (x). To see the claim, we observe that
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1 1 do + 2 d;

—_ _|_ - — < i

2 dy 2dy do

P o S
d1 n dl dl

1 141

1+ = dp1 + < do

dy_1 dy 1 d,_,

So, the arithmetic condition (x)

11 1 | 4 dy  do
-+ — 1_|__ 1_|_ < —= .. =... :17
(2 d0> ( d1> ( dp—l) dy di dp

is satisfied. However the conserve is not true. Take for example p = 2, dy = 3 and d; = 6, for
these values the arithmetic condition () is (1/2+1/3)(1 + 1/6) ~ 0.9722 < 1, however the
conditions in Proposition 3 are 2d; > dy + 2 and dy > d; + 1 which are not satisfied. So, we
have the following result.

Proposition 6. Let P.(z) = 2™ + ¢ be a HPcFP and the pole data D formed by the Fa-
tou domains {Up,Uy,--- ,Uy,—1} and let do,dy,--- ,d,—1 be positive integers. There exists a

McMullen-like mapping of type (P, D) if and only if (% + %) (1 + d%) (1 d,,1_1> < 1.

In the next example we show a McMullen-like mapping obtained from a polynomial P with
more that one cycle. We consider the Milnor cubic polynomials (]Mil09]), this is a particular
slice of the family of all the cubic polynomials fixing the behavior of one of the two critical
points. More precisely, we consider the family of polynomials given by R,(z) = 23 — %azQ.
The polynomial R, has a super-attracting fixed point at the origin, R,(0) = R/(0) = 0 and
the other critical point is located at z = a. For example for a = iv/2 the polynomial R; s has
two finite super-attracting fixed points: one at 0 and another one at iv/2. We restrict to this
value of a, however the same result is true assuming that the polynomial R, is HPcFP. We
denote by Uy and U, ;5 the Fatou domains containing 0 and iv/2, respectively, and we consider
the pole data D formed by the Fatou domain Uy and a positive integer d = dy. Using the
same ideas as in Proposition 4 we have the following result.

Proposition 7. Let 73(2) = 2% — %222 + \/2? with d > 2. For small enough values of
|A| # 0, the rational map ry is a McMullen-like mapping.

We leave as an exercise to check that ry is a McMullen-like mapping (see Proposition 4)
and we only check the arithmetic condition (x). In this case we have two cycles, so N = 2,
and the arithmetic condition writes as

max{1/2,1/2+1/d} <1,

since Uy € D, R, /5 : Uy — Uy with degree two, U; 5 ¢ D, R, 5 : U 5 — U, 5 with degree two,
and R, s acts conformally in all the rest of the bounded Fatou domains of F(R; ;). In Figure
2 we show the dynamical planes of the Milnor cubic polynomial R; 5 and the McMullen-like
mapping ry.

Finally, we turn our attention to the McMullen family f\(z) = 2™ + A/2%. We can obtain
two new examples of McMullen-like mappings topologically conjugate on their Julia set to
the McMullen family (see Theorem 2). We consider the family of rational maps given by
fn(z) = 2" + A/(z — a)%, in this case we first fix a small value of |A| # 0 and then for |a| # 0
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small enough the rational map ﬁ is a McMullen-like mapping, where the polynomial P is
z — 2" and the pole data D is also the Fatou domain Uy of F(P) containing the origin. In
this case the pole is moved to a and not located at the origin as in the McMullen family. The
arithmetic condition (x) for fy is 1/n + 1/d < 1, as in the McMullen family. The Julia set
of f,\ has already been studied in [DMO08a|. The same result is true if we take the family of
rational maps fx(z) = 2" + L(z)/2% where L(z) is a polynomial with deg(L) < d. Thus, if
|L(0)| # 0 is small enough the map j/":\ is a McMullen-like mapping of the same type of f\ and
also with the same arithmetic condition.
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